Introduction and preliminaries
The study of fixed points in ordered metric spaces was originated in an interesting paper due to Ran and Reurings [16] wherein the authors also presented applications of their results to linear and nonlinear equations. Subsequently, Nieto and Rodríguez-López [15] extended the results contained in [16] to non-decreasing mappings and applied the same to obtain a unique solution of a first order ordinary differential equation with periodic boundary conditions. Recently, many researchers have obtained fixed and common fixed point results on partially ordered metric spaces (see, e.g. [14, 15, 16] ). In the literature of fixed point theory, several authors have studied fixed point theorems wherein the celebrated Banach Contraction Principle has been generalized and improved in various ways (e.g. [1, 2] , etc...).
Bhaskar and Lakshmikantham [6] initiated the idea of coupled fixed point and proved some coupled fixed point theorems for mixed monotone mappings in ordered metric spaces.
On the other hand, the notion of partial metric space was introduced by Mathews (see [11, 12] ) by replacing the equality d(x, x) = 0 (in the definition of metric) with the inequality d(x, x) ≤ d(x, y) for all x, y. This notion has a wide range of applications not only in mathematics but also in the field of computer science and semantics. Firstly, we recall relevant definitions and properties of partial metric spaces which are relevant to our presentation. Definition 1.1. A partial metric on a nonempty set X is a function p : X × X → R + such that for all x, y, z ∈ X :
(x, y) = p(y, y), (ii) p(x, x) ≤ p(x, y), (iii) p(x, y) = p(y, x), (iv) p(x, y) ≤ p(x, z) + p(z, y) − p(z, z).

A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial metric on X.
Each partial metric p on X generates a T 0 topology τ p on X which has as a base the family of open p-balls {B p (x, ε), x ∈ X, ε > 0}, where B p (x, ε) = {y ∈ X : p(x, y) < p(x, x) + ε} for all x ∈ X and ε > 0.
If p is a partial metric on X, then the function p s :
is a metric on X. 
Hassen Aydi et al. initiated η partial metric in [5] . To describe η partial metric, let (X, p) be a partial metric. We endow X × X with the partial metric η defined (for
Let F : X × X → X be a given mapping. For all n ∈ N, n ≥ 2, we denote:
Definition 1.4. Let (X, ≤) be a partially ordered set and F : X × X → X. Then the map F is said to have mixed monotone property if F (x, y) is monotonically nondecreasing in
x and monotonically nonincreasing in y i.e. for any x, y ∈ X,
and
In [13] 
Then, T admits a unique fixed point z ∈ X and for all x ∈ X, the sequence {T n x} converges to z.
In recent years, many authors generalized Meir-Keeler fixed point theorems in various ways in various spaces which include complete metric space as well as ordered metric space (e.g. [17, 19, 20] 
where k ∈ [0, 1). Also, suppose that X is equipped with the following properties:
(ii) If {x n } is a non-increasing sequence and x ∈ X with lim
If there exists
In [17] , Samet extended and complimented Theorems 1.1 and 1.2 of Bhaskar and Lakshmikantham by replacing the contraction hypothesis of Theorems 1.1 and 1.2 with a generalized Meir-Keeler contraction condition. The uniqueness of coupled fixed point is also discussed besides considering generalized Meir-Keeler type function in partially ordered metric space. Recently, there have been intense research activities on partial metric spaces and its topological properties which include the extension of metrical fixed point theorems to partial metric spaces. By now, there exists considerable literature on this theme. For the results of this kind, we refer the readers to ( [3, 4, 5, 9, 10, 18] ).
In this paper, we extend Theorems 2.1 and 2.2 of Samet [17] to the class of ordered partial metric spaces and established some coupled fixed point results.
Definition 1.6 ([17]
). Let (X, ≤) be a partially ordered set and F : X × X → X be a given mapping. We say that F has the mixed strict monotone property if 
Since F is a generalized Meir-Keeler type function, for ε =
Putting x * = x, y * = y, u * = u and v = v * , we obtain the desired result. 
Proof. We claim that
with the notation F 1 ≡ F. Due to the mixed strict monotone property of F ,
Then we have,
Then we have, F (y, x) > F (v, u). Thus, (1.3) is satisfied for n = 1. For n = 2, we use the same strategy. We have:
3) is satisfied for n = 2. Repeating the same argument for each n, we get that (1.3) holds. Now using Lemma 1.2 and equation (1.3), we get:
Similarly, we have:
Combining (1.4) and (1.5), we obtain:
This implies that
} is a decreasing convergent sequence. Thus, there exist ε ≥ 0 such that
Now we show that ε = 0. Assume that ε > 0. This implies that there exists
In this case we have,
It follows from (1.3) and hypothesis (ii) that
On the other hand, we have,
Combining (1.6), (1.7) we have,
which is a contradiction. Therefore, we have necessarily ε = 0. That is, 
Then, there exists (x, y) ∈ X × X such that x = F (x, y) and y = F (y, x).
Proof. Let us define the sequences {x n } ⊂ X and {y n } ⊂ X by:
F has a mixed monotone property and from (1.3), we have
for all n ∈ N. From the definition of p s , it is clear that η s ((x n , y n ), (x n+1 , y n+1 )) ≤ 2η ((x n , y n ), (x n+1 , y n+1 )) for all n ∈ N. Using (1.8), we get
Let ε > 0. It follows from (1.9) that there exists k ∈ N such that
Without restriction of generality, we can suppose that δ(ε) ≤ ε. We introduce the set Λ ⊂ X × X defined by:
Now we will prove that
Let (x, y) ∈ Λ. We have
We distinguish two cases:
First case:
By Lemma 2 we have,
In this case, we get,
Since x > x k and y ≤ y k , by (iii), we get,
Also, we have,
By (iii), this implies that
(1.14)
Hence, combining (1.12),(1.13),(1.14), we obtain:
On the other hand, using (ii), we check easily that
Hence, we deduce that (1.11) holds. By (1.10), we have (x k+1 , y k+1 ) ∈ Λ. This implies with (1.11) that
Then, for all n > k, we have (x n , y n ) ∈ Λ. This implies that for all n, m > k, we have:
We deduce that {(x n , y n )} is a Cauchy sequence in the metric space (X × X, η s ). Since (X, p) is complete, from Lemma 1.1 , (X, p s ) is a complete metric space. Also, since (X, p s ) is a complete metric space, then (X ×X, η s ) is complete. Hence there exists (x, y) ∈ X ×X such that η s ((x n , y n ), (x, y)) → 0 as n → ∞ which give us that
Therefore, owing to Lemma 1.1 and equation (1.9), we have
We will show that x = F (x, y) and y = F (y, x). Since F is continuous on X, then F is continuous at (x, y). Hence, for any ε > 0, there
Since lim
On the other hand, since F is generalized Meir-Keeler , then from Lemma 1.2, we have
In this case, for any ε > 0,
This implies that F (x, y) = x. Similarly, we can show that F (y, x) = y. Thus we proved that F has a coupled fixed point.
Remark 1.2. Theorem 1.4 holds if we replace (iv) by,
Theorem 1.5. Let (X, ≼) be a partially ordered set. Suppose that there is a metric p on X such that (X, p) is complete partial metric space. Assume that X has the following properties:
(a) if a nondecreasing sequence x n → x, then x n ≤ x for all n,
Let F : X × X → X be mapping satisfying the following hypotheses: Proof. Following the proof of Theorem 1.4, we only have to prove that x = F (x, y) and
Taking n ≥ max{n 1 , n 2 } and using F n (x 0 , y 0 ) < x, F n (x 0 , y 0 ) > y, by (1.18) and Lemma 1.2, we get:
This implies that F (x, y) = x. Similarly, we can show that p(F (y, x), y) < 2ε which implies that F (y, x) = y.
Now we endow the product space X × X with the following partial order:
One can prove that the coupled fixed point is in fact unique and the product space X × X endow with this partial order has the following property: Proof. Suppose that (z, t) ∈ X × X is another coupled fixed point of F. We distinguish two cases. First case :(x, y) is comparable to (z, t) with respect to ordering in X × X, where
Without restriction of generality, we can suppose that
We have:
which is impossible. Hence (x, y) = (z, t). Second case: (x, y) is not comparable to (z, t). Then, there exist (x 1 , x 2 ) ∈ X × X that is comparable to (x, y) and (z, t). Without restriction of the generality, we can assume that
From (1.20) and Lemma 1.3 we have,
Similarly, we have
On the other hand, using the triangular inequality, we get:
by (1.21) and (1.22) we have η((x, y), (z, t)) = 0, we get (x, y) = (z, t). This completes the proof.
Assuming that every pair of elements of X have either an upper bound or a lower bound in X, one can infact show that even the components of the couple fixed point are equal. The following theorem establish this fact. Proof. Suppose that x ̸ = y. We will show that we obtain a contradiction. We distinguish two cases.
First case: x is comparable to y. Without restriction of generality, we can assume that x > y. Then x = F (x, y) > y = F (y, x). From Lemma 1.2, we obtain
which is a contradiction.
From the right continuity of θ, there exists δ > 0 such that
Since θ is a nondecreasing function, we get:
By (2.27), we get:
and hence p(F (x, y), F (u, v)) < ε.
The following result is an immediate consequence of (1.4),(1.5),(2.1). 
